STEP | — Integration 1

Q1, (STEP |, 2004, Q2)

The square bracket notation [z] means the greatest integer less than or equal to z. For
example, [7] = 3, [V24] = 4 and [5] = 5.

(i)  Sketch the graph of y = y/[z] and show that
a a-1
f V]z] dz = z VT
0 r=0
when a is a positive integer.

a
(i)  Show that / 9l 4z = 2 — 1 when a is a positive integer.
0

a
(iii)  Determine an expression for f 2l7l 4z when a is positive but not an integer.
0

Q2, (STEP 1, 2004, Q4)

Differentiate sect with respect to t.

(i)  Use the substitution z = sect to show that /2 1 de = V32 + X
) veivzz-1 8 24°

! dz
(z+2)/(z+1){z+3)

(i)  Determine [

1
iii Determine dz .
(i) /(a:+2)x/a:2+4:c—5

Q3, (STEP 1, 2005, Q5)

(i}  Evaluate the integral
1
f (r+ NF! da
0

in the cases k Z0 and k =0
L) k —

1
Deduce that = In2 when k£ = 0.

{ii) Evaluate the integral
1
f z(z+1)" dz
0

in the different cases that arise according to the value of m.




Q4, (STEP 1, 2006, Q5)

(1) Use the substitution u? = 2x + 1 to show that, for = > 4,
3 v2r+1-3 i
dr=In| ———— | + K,
(r—4)y/2r+1 v2r+1+3
where K 1s a constant.
In8
_ 2 7 2
(ii) Show that [ng m dr = T + ln§ i
Qs5, (STEP 1, 2006, Q3)

Prove the identities cos? 8 — sin* 8 = cos20 and cos?# + sinl = 1
otherwise evaluate

L I

/ ’ cos’ @ df and / ’ sin' @ de .
0 Jo

Evaluate al=o

2 6 7 "
cos’ f df  and sin” @ df .
Jo Jo

Q5, (STEP I, 2008, Q6)

— 3sin?26.

Hence or

The function f is defined by

— . =0,
e—1" .

and the function g is the inverse function to f, so that g(f(x)) = 2. Sketch f(z) and g(z) on
the same axes.

Verify. by evaluating each integral, that

] =

k
Hﬂ®+£ﬁﬂﬂ= 1

Jo 2(ve+1)

where k = Jor 1’ and explain this result by means of a diagram.
e

Q6, (STEP |, 2009, Q7)

Show that, for any integer m,

2m
/n e’ cosmrdr = ﬁ(e% — 1) .
(i)

Expand cos(A + B) + cos(A — B). Hence show that

2w
T . . _ 19 7 2w
j; e’ cosrcosbrdr = 85D (L 1) .

2m
(ii) Ewvaluate f e” sin 2 sin 4z cosx dr .
0




Q7, (STEP 1, 2011, Q2)

1 T
The number FE is defined by E = / € dx
Jo 1+=x

Show that

1 .=
/ e dr=e—1—F,
Jo 14z

rle”
dx in terms of e and F.

1
and evaluate [
J0 +x

Evaluate also, in terms of E and e as appropriate:

11—z

l o132
(i) / ° T Az
J0 14+ =

VI o
(ii) /  dx.
J1 .

xr

Q8, (STEP |, 2012, Q5)

Show that

1
/1 sin(2z) In(cosz)dz = —(In2 — 1),
Jo

and that

1

T

1
/T cos(2zx) In(cosz) dr = %(TL_ —In4—2).
Jo

Hence evaluate

%Jl
/]. (cos(2z) + sin(2z)) In (cosz + sinz) dr.
S




